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Abstract. 

We analyze kinetically constrained 0-1 spin models (KCSM) on rooted and unrooted 
trees of finite connectivity. We focus in particular on the class of Friedrickson Andersen 
models FA-jf and on an oriented version of them. These tree models are particularly 
relevant in physics literature since some of them undergo an ergodicity breaking tran- 
sition with the mixed first-second order character of the glass transition. Here we first 
identify the ergodicity regime and prove that the critical density for FA-jf and OFA-jf 
models coincide with that of a suitable bootstrap percolation model. Next we prove 
for the first time positivity of the spectral gap in the whole ergodic regime via a novel 
argument based on martingales ideas. Finally, we discuss how this new technique can 
be generalized to analyse KCSM on the regular lattice . 
Mathematics Subject Classification: 60K35, 82C20 

Keywords: kinetically constrained models, dynamical phase transitions,glass transition, 
bootstrap percolation, stochastic models on trees, interacting particle systems. 



1. Introduction 

Facilitated or kinetically constrained spin models (KCSM) are interacting particle 
systems which have been introduced in physics literature [5] [6] to model liquid/ glass 
transition and more generally "glassy dynamics" [17, 11]. They are defined on a locally 
finite, bounded degree, connected graph Q = {V, E) with vertex set V and edge set E. 
Here we will focus on models for which the graph is an infinite rooted or unrooted tree 
of finite connectivity k + 1, which we will denote by f and T^' respectively. A con- 
figuration is given by assigning to each site x G F its occupation variable rjx G {0, 1} 
which corresponds to an empty or filled site, respectively. The evolution is given by a 
Markovian stochastic dynamics of Glauber type. Each site waits an independent, mean 
one, exponential time and then, provided the current configuration around it satisfies 
an a priori specified constraint, its occupation variable is refreshed to an occupied or to 
an empty state with probability p or 1 — p, respectively. For each site x the correspond- 
ing constraint does not involve ry^, thus detailed balance w.r.t. Bernoulli (p) product 
measure ^ can be easily verified and the latter is an invariant reversible measure for 
the process. 

Among the most studied KCSM we recall FA-jf models [5] for which the constraint re- 
quires at least j (which is sometimes called "facilitating parameter") empty sites among 
the nearest neighbors. FA-jf models display a feature which is common to all KCSM 
introduced in physics literature: for each vertex x the constraint impose a maximal 
number of occupied sites in a proper neighborhood of x in order to allow the moves. 
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As a consequence the dynamics becomes slower at higher density and an ergodicity 
breaking transition may occur at a finite critical density pc < I. This threshold corre- 
sponds to the lowest density at which a site belongs with finite probability to a cluster 
of particles which are mutually and forever blocked due to the constraints (see Section 
3). 

The FA-jf models on Z'^ do not display an ergodicity breaking transition at a non 
trivial critical density, that is pc = for j > d and pc = I otherwise [3]. On the 
other hand they do display such a transition on non rooted trees when 1 < j < k 
[7, 10, 14, 9]. Furthermore ii j ^ k — 1 this transition is expected to display a mixed 
first/second character and to share similar features to the mode coupling transition, a 
property which makes them particularly interesting from the point of view of the glass 
transition [14]. 

Another key feature of KCSM is the existence of blocked configurations, namely con- 
figurations with all creation/destruction rates identically equal to zero. This implies the 
existence of several invariant measures and the occurrence of unusually long mixing 
times compared to high-temperature Ising models (see Section 7.1 of [3]). Further- 
more the constrained dynamics is usually not attractive so that monotonicity arguments 
valid for e.g. ferromagnetic stochastic Ising models cannot be applied. 

Due to the above properties the basic issues concerning the large time behavior of 
the process are non-trivial. The first rigorous results were derived in [1] for the East 
model which is defined on Z with the constraint requiring the nearest neighbor site to 
the right to be empty. In [1] it was proven that the spectral gap of East is positive for 
all p < 1 and also that it shrinks faster than any polynomial in (1 — p) as p t 1- In 
[3] positivity of the spectral gap of KCSM inside the ergodicity region (i.e. for p < pc) 
has been proved in much greater generality and (sometimes sharp) bounds for p Pc 
were established. These results include FA-jf models on any Z'^ for any choice of the 
facilitating parameter j and of the spatial dimension d. 

The technique developed in [3] cannot be applied to models on trees because of 
the exponential growth of the number of vertices and, so far, very few rigorous results 
have been established. Indeed the only models for which results on the spectral gap 
are available are: (i) the FA- If model on T'^ and T'^ (actually on a generic connected 
graph) and (ii) the so-called East model on for which the root is unconstrained 
while, for any other vertex x, the constraint requires the ancestor of x to be empty. For 
these specific models Pc = I and the positivity of the spectral gap has been proven in 
[2] in the whole ergodicity region and for any choice of the graph connectivity. 

Here we will study FA-jf models on T'^ and T'^ for 1 < j ^ A; together with a new 
class of models that we call oriented FA-jf models (OFA-jf) . In the OFA-jf model the 
constraint at x requires at least j empty sites among the children of x. 

We first prove that the ergodicity treshold pc for the FA-jf and OFA-jf models, with 
the same choice for the parameter j and the same graph connectivity k + 1, coincide 
and it is non trivial (see Theorem 2.3). Then we prove positivity of the spectral gap in 
the whole ergodicity regime for the oriented OFA-jf models. Finally, by combining the 
above results together with an appropriate comparison technique, we establish positiv- 
ity of the spectral gap in the whole ergodicity regime for the FA-jf models. The results 
concerning the spectral gap can be found in Theorem 2.5. Finally, in the non ergodic 
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regime, we prove that, for the oriented or non-oriented FA-jf models, the spectral gap 
shrinks to zero exponentially fast in the system size (see Theorem 2.9). 

The new technique devised to study constrained models on trees can be generalized 
to deal also with KCSM on other graphs. In Section 5 we discuss how one can recover 
the result of positivity of the spectral gap in the ergodic regime for models on U^. We 
detail in particular the case of the North-East model on I? (Theorem 5.3), a result 
which was already derived in [3] but with a completely different (and more lengthy) 
technique. 

2. Models and main results 

The models we consider are either defined on the infinite regular tree of connectivity 
k + the sequel denoted by T^', or on the infinite rooted fc-ary tree T^^. 

In the unrooted case each vertex x has k + 1 neighbours, while in the rooted case 
each vertex different from the root has k children and one ancestor and the root r has 
only k children. In the sequel we will denote by V the set of vertices of either T'"' or of 
T'^ whenever no confusion arises, by Mx the set of neighbors of a given vertex x and, 
in the rooted case, by K-x the set of its children. In the rooted case we denote by dx the 
depth of the vertex x, i.e. the graph distance between x and the root r. 

For both oriented and non oriented models we choose as configuration space the 
set n = {0, 1}^ whose elements will usually be assigned Greek letters. We will often 
write rjx for the value at x of the element G $7. With a slight abuse of notation, for 
any A c V and any ri,uj G we also let rjA be the restriction of to ^4 and for any 
A,BcV such that ^ n i? = we let 77^ • cj^ be the configuration which equals 77 on ^4 
and u} on B. 

Fix now k G a density p G [0, 1] and a facilitating parameter j G [1, • • • , k]. Let 
also /X be the Bernoulli product measure on 17 with density p. 

Definition 2.1. The FA-jf and OFA-jf models at density p are continuous time Glauber 
type Markov processes on reversible w.r.t. fi, with Markov semigroups Pt = e^^ and 
Pt = e*'^ respectively, whose infinitesimal generators C, L act on local functions / : iH> R 
asfollovi's: 

Cf[u) = cx(^) - /(^)] (2.1) 

£/(a;) = Cx[io) - f{u)] . (2.2) 

The functions Cx, Cx, in the sequel referred to as the constraint at x, are defined by 

Cx{0j) 
Cx{0j) 

and fixif) is simply the conditional expectation of f given {uiyjy^, 



otherwise 

1 if EyeJcS'^ - ^y) ^ j _ (2.4) 
otherwise 
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It is easy to check by standard methods (see e.g. [12]) that the processes are well 
defined and their generators can be extended to non-positive self-adjoint operators on 

L^{T'',fi) and L^{f^,fi) respectively 

Remark 2.2. Both processes can of course be defined also on finite regular trees, rooted or 
unrooted. In that case however, in order to get an irreducible processes (actually irreducible 
continuous time Markov chains), the constraints at the leaves must be modified and set to 
be identically equal to one. In other words the dynamics on the leaves is unconstrained. 

2.1. Ergodicity. Given k and j < k, it is natural to define (see [3]) a critical density 
for each model as follows: 

Pc = sup{p £ [0, 1] : is simple eigenvalue of £} (2.5) 
Pc = sup{p G [0, 1] : is simple eigenvalue of £}. (2.6) 

The regime p < pc or p < pc is called the ergodic region and we say that an ergodicity 
breaking transition occurs at the critical density. We will first establish the coincidence 
of the critical threshold for oriented and unoriented models. 

Theorem 2.3. Let gp{x) ■= pYli=k-j+i " ^)'''~* 

p := sup{p G [0, 1] : x = is the unique fixed point of gp{x)}. 

Then p < 1, pc = pc = P and for any p < p the value is a simple eigenvalue of the 
generators C and L. 

Remark 2.4. In the unoriented case the above result has been established in the physics 
literature in [14]. Thanks to Proposition 3.1 below, the proof of the above result reduces to 
show that the critical thresholds of two different bootstrap percolation problems coincide. 
In the unoriented case the critical threshold has been identified in [10]. 

We then turn to the study of the relaxation to equilibrium in L'^ifi) in the ergodic 
region p < pc or p < pc. A key object here is the spectral gap (or inverse of the 
relaxation time) of the generator £ (or £), defined as 

gap(/:):= inf (2.7) 

feDom{C) Var(/) 
/^^const 

where the Dirichlet form is the quadratic form = fi{f, —Cf) associated to 
— £ and Var(/) is the variance of / w.r.t. Indeed a positive spectral gap implies that 
the reversible measure fi is mixing for the semigroup Pt with exponentially decaying 
correlations, 

J d^L{i])[Ptf{v) - Kf)? ^ exp(-2tgap(/:))Var(/) 

for any / G ^^(/u). The main result of our work is the positivity of the spectral gap in 
the whole ergodicity region, namely 

Theorem 2.5. Given k,j £ Z+ with j < k, fix p < pc = pc- Then gap(>C) > and 
gap(£) > 0. 
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Remark 2.6. Exactly as in [3] (see Proposition 2.13 there), in order to prove positivity of 
the spectral gap for the infinite trees T'^ or T'', it is enough to prove a lower bound on the 
spectral gap on finite regular subtrees with unconstrained leaves which is uniform in the 
size of the tree. 

Remark 2.7. It is important to observe that, in the oriented case, the above result com- 
pletes the proof of the exponential decay to equilibrium when p < Pc and the initial 
distribution is either a Bernoulli product measure with density p' p, p' < Pc, or it is a 
6-measure on a deterministic configuration which does not contain blocked clusters. These 
results were indeed proven in [16] (see Theorems 4.2 and 4.3) modulo the hypothesis of 
positivity of the spectral gap in the ergodic region. 

It is natural to ask about the behavior of the models outside the ergodic region, i.e. 
when p > Pc- Let us first discuss the super-critical case p > p^. 

The first result says that it is possible to provide local functions that for the process 
defined on the infinite tree do not decay to equilibrium in L'^{fi). Denote by r either 
the root (in the oriented case) or an arbitrary vertex (in the unoriented case) . 

Proposition 2.8. Given k,jeN with j < k,fix p > pc. Then 



and the same inequality holds with Pt instead of Pt. 

In order to state the second result we need few extra notation. Given L G Z+ denote 
by Cl {Cl) the generator of the FA-jf (OFA-jf) model on a subtree of (f *=) of depth 
L centered (rooted) at r with all the leaves (i.e. vertices with distance L from r) 
unconstrained. 

Theorem 2.9. Given k,j^^ with j < k, fix p > p^. Then there exists c, c > such that 



The critical case p = pc is much more delicate and a detailed analysis is postponed 
to future work [15]. We anticipate here that it is possible to show that the spectral gap 
of a tree of depth L shrinks at least polynomially fast in L^^. In the rooted case with 
j = k one can also proves a converse poly(l/L) lower bound (a much harder task). 
If 2 < j < A; the analysis becomes much more difficult because of the discontinuous 
character of the bootstrap percolation transition, i.e. the fact that at pc with positive 
probability the root r belongs to an infinite blocked cluster (while this probability is 
zero if j = k). 

3. Ergodicity treshold and blocked clusters: proof of Theorem 2.3 

In [3] for KCSM on Z'^ we have identified the critical density defined in the previous 
section with the percolation tresholds for a proper deterministic map, called the boot- 
strap map. This result can be proven along the same lines for the tree models under 
consideration. 




e^'"^ <gap(/:L) < e 



L/c 



L/c 
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Fix k and j < k. For FA-jf models we define the bootstrap map B : {0, 1}^'' — )• 
{0, IV' by 

B{ri)^ = if either r?^ = or Cx{r]) = 1 (3.1) 

with Cx defined in (2.3). Analogously we define the map B for OFA-jf models by re- 
placing Cx with Cx of (2.3). Then we denote by the probability measure obtained 
by iterating n-times the map B starting from fi. As n oo /i^") converge to a limiting 
measure f^i^^^ [18] and it is natural to define bootstrap percolation tresholds pi,p as the 
supremum of the density such that, with probability one, a given vertex x is emptied 
under the bootstrap procedure, 

Pbp = snp{p G [0, 1] : fi^^\r]x = 0) = 1}. 

Analogously we can define fl^'^\fl^'^^ and p^p in the oriented case. It is easy to ver- 
ify that in both definitions the bootrasp threshold does not depend on the choice of 
the vertex x. Then the following can be proved following exactly the same lines as 
Proposition 2.5 of [3] 

Proposition 3.1. For any j < k it holds pc = Pbp and pc = pbp- 

Proof of Theorem 2.3. Fix j < k. We begin by proving that, for any p sufficiently close 
to 1, there exists an exponentially attracting fixed point po^ G (0,p) of gp{x). That 
proves p G {0,p). For this purpose we compute 

^9p{x)=P ('l)[ix^-\l-x)'^-^-{k-i)x\l-x)'^-^-^] 
^ i=k-j+i 

i=k-j ^ * ^ i=k~j+i V * / 

= pk¥{Nx,k = k-j)>0 
where N^^k ^ Binom(/c — l,x). Next we observe that 

5p(0)=0, gpil)=p 

_ Jo if j<k 
x=o ]pk if j = k 



(3.2) 



and that gp{x) is increasing in p. 

li j = k and p > 1/k then the existence of an attracting fixed point in the open 
interval {0,p) follows at once from (3.2). Thus in this case p = 1/k and at p the only 
fixed point is the origin. 

If instead j G [2, /c — 1], 1 — p ^ 1 and a; = 2p — 1 then 

9p{x) = p — pk / dx'¥{Nx'^k = k — j) > p — pk{k — 1)(1 — x)^ > x 

J X 

which implies the existence of an attracting fixed point Poo{p) inside the interval (2p — 
l,p). It is easy to check that Poo{p) is increasing in p and that, contrary to the case 

j = k, Poo{p) > 0. 
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We now show that pf,p = piyp = p. In the non-oriented case FA-jf we choose an 
arbitrary vertex x together with one of its neighbors y and we define to be the 
rooted k-ary tree with root at y and such that x ^Ty. Then, for any configuration rj on 
T*^, we define the new configuration fj to be identically equal to one on and equal 
to 7/ elsewhere. Finally we define 

In the oriented case OFA-jf we instead define 

Pn ■■= /i^") {rir = 1) . 

We claim that Pn,Pn obey the same recursion equations 

Pn = QpiPn-l) , Pn = gp{Pn~l)- 

Therefore pn = pn since for n = they both coincide with p. Moreover lim„^oo Pn = 
iff p > p and j = k ovifi p > p and j G [2, k). 

Let us justify the first claim, p„ = gp{pn~i)- Clearly 

Pn = /^(?? : = 1; ^"~'(^)- >k-3 + l) 

Moreover, if for all z G J^^ \ y we define i]^^^ to be identically equal to one in the A;-ary 
tree rooted at x and not containing z and equal to 77 otherwise, then the event 

{rj: rj, = l and ^ 5""^^). > k - j + 1} 

coincides with the event 

{7? = ! and i?"-^^^'^). > A: - j + 1}. 

The equality among the two events can be immediately established by noticing that the 
first event implies that for any 771 ^ — 1 it holds B^^{'q)x = 1 thus B^{f])z = B''^{ri^^^)z 
for any z G J\fx \ y- Clearly the events {B'^~^{r]^^^)z = 1} are independent as z varies in 
JVx \ y, are independent from {77 : rjx = 1} and each one has probability Pn~i- Hence 
Pn = Qpipn-i)- Similarly for the oriented case we getp„ = gp{pn~i). 

We now proceed to identify the critical points Pbp,pbp- In the non-oriented case we 
observe that 

{77 : B^{r])x = 1} = {77 : 7?, = 1 and ^ B"-^?]^")). > A; - j + 1} 

where we use the fact that B'^{r])x = 1 implies that B^^^{r]'^^^)z = B^~^{r])z for any 
z G Mx- Hence 




k+l-i 



and lim„_^oo /^'•"H^a: = 1) = iff lim„_j.oo Pn = 0. In the oriented case the same conclu- 
sion follows from the definition of pn and the above proven result p„ = gp{pn~i)- Thus 
we have proven that p^p = p^p = p. □ 
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Remark 3.2. It is obvious that pn tends to zero at least exponentially fast when p < pc 
because in that case 5^(0) < 1. 



4. Spectral gap: proofs 
In what follows we fix once and for all j, /c G Z+ with j < k, together with a density 

[o,pc). 

Proof of Theorem 2.5. We begin by proving positivity of the spectral gap in the oriented 
case OFA-jf at density p. We first fix some additional notation. We denote by T := 
C T'^ the finite fc-ary tree of depth n rooted at r, where n should be thought to be 
arbitrarily large compared to all other constants. For x E T, will denote the k-ary 
sub-tree of T rooted at x with depth n — d^, where is the depth of x. In other words 
the leaves of T^^ are a subset of the leaves of T. We also denote the tree stripped off 
its root xbyTx- 

We write VarTr(/) for the variance wrt. the measure /i on T of the function /, Var^(/) 
for the conditional variance of / w.r.t. the variable i]x given all the other variables and 
fif (/) for the conditional expectation of / given all the variables outside T^.. 

Finally, given £ ^ n, we define new auxiliary constraints c^x\r]) € {0, 1}, rj G {0, 1}^ 

and X £ T, as follows. If the depth of T^; is less than £, ci\'q) = 1. Otherwise we 

define the constraint to be satisfied, i.e. ci\il) = 1> iff; by applying at most I times the 
bootstrap map T to the configuration t) which coincides with rj everywhere with the 
only possible exception of x where fj^ = 1, the vertex x can be flipped to zero. Clearly 
the auxiliary constraint and the original one Cx coincide if £ = 1. 

Remark 4.1. In other words, with the new constraint ci\ a vertex x is free to flip iff, by 
a sequence of legal (i.e. satisfying the original constraint c in (2.4)) flips in the subtree of 
depth i rooted at x and which never changes the value of the sites at depth £, at least j 

of the k children of x can be made vacant. The condition ci\ri) = 1 if the depth ofT^ is 
smaller than i can be visualized by imagining the configuration rj extended to the whole 
tree by setting it equal to zero onT^\T and by defining the constraint only through 
the boostrap requirement. 

In what follows we will first consider an auxiliary long range kinetically constrained 
model which is defined by the infinitesimal generator (2.2) but with Cx substituted by 
c^x^ . We will show that this auxiliary model has a spectral gap which is bounded away 
from zero uniformly in the depth n of T provided £ is large enough depending on p, j, k. 
Then we will apply a simple limiting procedures together with standard comparison 
arguments between the Dirichlet forms with constraints c and c^^^ to complete the 
proof 

Let V^^\f) denote the new Dirichlet form corresponding to the generator 
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with the auxihary constraints Cx , i.e. 

Our aim is to estabhsh the so-called Poincare inequality 

Var(/) < APW(/), V/ (4.1) 
for some constant A independent of the depth n of the tree T. 

Remark 4.2. Notice that (4.1) is the natural analog of the renormalized Poincare in- 
equality in [3] (see formula (5.1) there). 

For the reader's convenience we recall some elementary properties of the variance 
which will be applied in the sequel. If ui , V2 are probability measures on two probability 
spaces O2 and v = vi ® V2 denotes the associate product measure then 

Var,(/) < V (Var,,(/) + Var,,(/)) and Var,(i.i(/)) < (Var,,(/)) (4.2) 

with self-explanatory notation. Moreover 

Var,(/) = Z.2 (Var,,(/)) + Var,, {v^if)) 

Back to the proof and motivated by [13] we first claim that 

Var (/) ^ (Var, (/x^^ (/)) ) (4.3) 

X 

where here and in the following we let Var = Varx and = ^if. To prove the claim 
we proceed recursively on the depth n of T. The claim is trivially true for n = 0. We 
now assume (4.3) when T has depth n — 1 and using the formula for the conditional 
variance we write 

VarT(/) = /i (Var(/ | r?,)) + Var (^(/ 1 7?,,)) • (4-4) 

Notice that, given the spin 77^ at the root, Var(/ | rjr) is nothing but the variance of / 
w.r.t. the product measure on T \ {r}. Thus 

Var(/|7?,,)< 5] M(VarT,(/)|7?.) 

and 

^(Var(/|7?,))< ^ M(VarTr,(/)). 

Each one of the sub-trees Ty has depth n — \ and therefore the inductive assumption 
implies that 

(VarTr,(/)) < E E ^ (^^^^ (/^T.(/))) 

y&K-x y&fCx zGTy 

= E/^(Var..(/xtJ/))). (4.5) 

x^r 

By putting together the r.h.s. of (4.5) with the last term in (4.4) we get the claim for 
depth n. 
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We now examine a generic term fi {Varx {^fJ-j j i^i the r.h.s. of (4.3). We write 

^'f^f) = ^^% (4'V)+MiJ[i-4^)]/) 

so that 

Var,. (/if (/)) < 2 Var, (/z^^ (c^/)) + 2 Var, (^^^ ((1 - c^)/)) (4.6) 



Schwartz inequaHty shows that 

Var, (c^/)) < /i (Var, (c^/)) = /i (c^ Var,(/)) (4.7) 

because ci^ does not depend on the spin at x. Notice that the r.h.s. in (4.7) is just the 
contribution of the root to the Dirichlet form V^^\f). 

We now turn to the more comphcate second term Var^ i^^i^ ^(1 — ci^'')/^^ . 
Var,. (/i^^ ((1 - cW)/)) = Var,. (/.^^ ((1 - cW)(/ - /iT.(/) + mM))) = (4-8) 

where we let g := f — UrSf) we use the fact that /x^ ((1 — ci^^)/iTi,(/)) does not 

depend on rjx. Recall that the constraint c£^ depends only on the spin configurations in 
the first I levels below x, in the sequel denoted by A^. Then 

Var. (/it, ((1 - cW)^)) ^ /X. ((/it, ((1 - cW)/it.\A.9))') (4-9) 

^ l^x (/if - 4^^)/if, (W^A.^)^)) = 

where (5(^) := /x^ (1 — ci^^), we use Cauchy- Schwartz to obtain the second inequality 

and for the third inequality we use the fact that /i^ (1 — ci^) does not depend on rjx. 
Notice that 5{t) coincides with pi/p where pi was defined at the beginning of the proof 
of theorem 2.3. Next we note that 

l^x (mt, ((/^t^A.^)^)) = /^^uA, = Var^uA,. (yH,\/^^9) (4.10) 

where we used the fact that HxuA^ (/tf \a d) ~ ^^'^xi9) which is zero by the definition 
of g. Then by using(4.3), (4.9) and (4.10) we get 



Yaix [fij,^ [{1 - c^'^)g)) ^ ^^uA,(Var^(MT,^f,\A,.5)) (4.11) 

^6{£) /ixuA,(Var^(//t^5r)) 



KINETICALLY CONSTRAINED SPIN MODELS ON TREES 



11 



where we used the convexity of the variance to obtain the second inequahty. In conclu- 
sion 

^n(Var^ (/^f,(/))) 

X 

<2j;^(cWVar,.(/))+2<5(^)j; J2 ^ (Var, (^^J/))) 

xGT xGT z£xUAx 

< 4PW(/) + 2(^ + 1)<5(^) J^/x (Var, • (4.12) 

X 

where the factor £ + 1 accounts for the number of vertices x such that a given vertex z 
falls inside A^;. We now appeal to Remark 3.2 and conclude that for any p < Pc there 
exists £o (which depends on p and it diverges as p t Pc) such that {£ + 1) 5{i) < 1/4 for 
any i > Iq. With this choice the Poincare inequality (4.1) with A = 8 follows uniformly 
in the depth n of T, namely the auxiliary long range model has a positive spectral gap 
if £ > 4- 

We are now in a position to conclude the proof in the oriented case. Starting from 
(4.1) and using path arguments exactly as in section 5 of [3] we conclude that, for any 
^ > £o we can find a constant k,j) > 1 independent of n such that 

Var(/) < A(^,A:,j) J^/i(c,Var,(/)) 

xeT 

where with a slight abuse if notation we denote by the function which equals one if 
X is a leaf of T and otherwise is given by the definition in (2.3). Thus, thanks to Remark 
2.6, we can conclude that the spectral gap of the oriented model on the infinite tree Tf'^ 
is bounded from below by X{i, k,j)~^. 

Remark 4.3. We observe that the dependence on p of X{£, k,j) comes from the fact that 
£ > io and that the critical scale £q depends on p and diverges as p t Pc- 

We now examine the non-oriented FA-jf model in the infinite tree T*^. Choose a 
vertex r and call it the root. Next we introduce the following auxiliary block dynamics 
with two blocks A = {r} and B = T'' \ {r}, reversible w.r.t. the measure i^i. The 
block dynamics goes as follows. With rate one the current configuration inside B is 
resampled from the equilibrium measure b while the block A with rate one resample 
the variable rir iff the constraint at the root is satisfied (cr(??) = 1). It is easy prove a 
Poincare inequality with some finite constant 7 = k) > 1 for the block dynamics of 
the form (compare to Proposition 4.4 in [3]) 

Var(/) < 7/i {cr Var,(/) + VarsC/)) (4.13) 

Notice that B is the union of /c + 1 copies of the rooted tree T^, B = Uy(zj^^Ty, and 
therefore 

VarB(/)< Yl /^B(VarTr.(/)) 

Thanks to the result in the oriented case and using < Cx we get 

Var^if) <XYfijk (c^.Var^.(/)) < A ^ /iTg (cxVar^.(/)) (4.14) 
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where A = X{i, k,j). Thus 



fi (VarB(/)) < A ^ /i(c,. Var,(/)) (4.15) 

Inserting (4.15) into (4.13) we conclude that the spectral gap of the FA-jf model is 
lower bounded by (7A)~^. □ 

Proof of Proposition 2.8. If p > pc with positive probability the root belongs to an infi- 
nite cluster of occupied vertices which is stable upon iterations of the bootstrap map B. 
Clearly any vertex belonging to such a cluster can never change its occupation variable 
during the dynamics of OFA-jf. Hence the result. The result for the non oriented model 
can be established via the same lines. □ 

Proof of Theorem 2. 9. Fix L and consider for simplicity only the rooted case, the un- 
rooted one being treated along the same lines. We denote by T ^ the A;-ary rooted tree 
of depth L and root r. We begin by proving the stated upper bound. 
Choose as test function / to be used in the Poincare inequality 

gap(/:L) < PL(/)/Var(/) V/ G ^^(ti) 

the indicator of the event A that the root is occupied after applying infinitely many 
times the bootstrap map B of the infinite rooted tree T'"' to the configuration obtained 
from the original one in the finite subtree of depth L by filling up all the vertices outside 
the subtree. Equivalently the root is occupied after L iterations of the boostrap map. 
The key fact is that, if p > pc, then Var(/) > unformly in L. 

Next we compute the Dirichlet form VL{f). We first observe that if x is not a leaf of 
then the corresponding contribution /i(cx Var2;(/)) to the Dirichlet form vanishes. 
If not that would imply that one could connect the event A with its complement by 
means of a legal flip, i.e. one with Cx = 1. But that is clearly impossible by the 
definition of A. If instead x is a leaf, so that c^; = 1 (recall that the finite volume model 
has unconstrained leaves), then 

Ijl{cx \aix{f)) = 2/x(ry ^ A; rf ^ A) = 2n{x is pivotal for ^4) 

The latter probability can be computed explicitly and it is equal to Y\y-<x Py where y ^ x 
means that y is an ancestor of x and py is the probability that y is occupied and that 
exactly j — I among those children of y which are not ancestors of x are not occupied 
after L — dy — 1 iteration of the bootstrap map. Since the probability that the root 
is occupied after n-iterations of the bootstrap map converges to the largest fixed point 
Poo, which moreover is exponentially stable, we get that 

Upy^c(p(^-'\i-Pooy-V;^^)\ 

y<x \ \J J J 

so that < C {kp{^r}^p^oo\^ - PooV^^Y ' P™°^ °^ upper bound is com- 

plete once we observe that 



kp(^^._^^p'^'a-po.y~' = ^9pix) 



< 1. 

X=Poo 
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We now turn to the lower bound. The proof is based on the same argument used in 
theorem 2.5 to treat the unoriented case, specific for trees which we now shortly detail. 
In what follows -f{L) will denote the inverse spectral gap for the OFA-kf model on T|. 

By monotonicity of the rates we assume j = k (indeed if j < k the spectral gap of 
OFA-jf is larger or equal the spectral gap of OFA-kf, thus it is enough to prove the result 
in the case j = k). Next, as before, consider the auxiliary block dynamics in which: (i) 
each sub-tree rooted at one of the children of the root with rate one updates at the same 
time all its vertices by chosing the new configuration from the equilibrium distribution 
and (ii) with rate one but only if all the children are empty the root r refreshes its 
occupation variable by sampling from the equilibrium measure. 

It is easy to check that, for any p € (0, 1), the spectral gap of the block dynamics is 
positive uniformly in L. Therefore we can write 

Vari(/) < C^l ( Var,(/) + VartJ/) J 

for some C > 0. By definition, for each x e TVr, Varf^(/) < 7(L — l)Df^(/). Therefore 

VarL(/) < Cmax(l,7(L - 
which implies 7(L) < C^. □ 

5. Generalizations of the technique 

In this section we discuss some applications of the technique that we have devised 
to prove Theorem 2.5. We show in particular that this technique allows to recover the 
positivity of the spectral gap in the whole ergodicity region for the KCSM on Z'^ which 
were studied in [3] via a completely different methods. We start by treating explicitely 
the case of the North-East model and then we will describe how to extend the analysis 
to more general models [8] . 

Definition 5.1. The North-East (N-E) model is a KCSM on 1? for which the constraint 
at X ^ I? requires the nearest neighbours both in the North and in the East direction 
to be empty. More precisely it is a continuous time Markov process on U = {0, 1}^ with 
generator C^^ defined as in Definition 2. 1 but with the sum in the generator now running 
on the sites of I? and with the function Cx now substituted by c^^ with 



I otherwise 

with e\ and 6*2 the Euclidean unit vectors on 1?. 

Let us recall some well known properties of the North-East (we refer the reader 
to [3] section 6.4, where these results have been derived by using the analog of our 
Proposition 3.1 and via the results on oriented percolation of [18] and [4]). Letp^^ be 
the critical density for the North-East model defined as in (2.5) with C substituted by 
£NE _ gjgQ define the bootstrap map corresponding to the N-E rules exactly in the 
same way as for FA-jf and OFA-jf models and by ^j^^ the measure obtained by iterating 
l times this map starting from ^. Then we let pf^ be the probability that a site is 
occupied after I iterations of the boostrap map, namely := fi^^^itix = 1). 
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Proposition 5.2. p^^ = p° where p° is the critical threshold for oriented percolation in 
1?. In particular, thanks to the results on oriented percolation (see [4]), < p^^ < 1. 
Moreover, for any p < p^^, 

lim fpf^ = 

We will now prove via our teciinique the following result. 
Theorem 5.3. Assume p < p^^. Then gap{C^^) > 0. 

Proof As for the models on trees, we prove a lower bound on the spectral gap on 
a finite region with proper boundary conditions which is uniform in the size of the 
region. Then the result on infinite volume follows by standard methods. The finite 
region that we consider is the triangle A c with a vertex in the origin, a vertex in 
Lei and a vertex in Le2 and we now prove a lower bound which is uniform on L for 
the spectral gap of the North-East model on A with empty boundary conditions. For 
any x G A we let Cx be the subset of A which includes only the sites belonging to the 
quadrant with bottom left corner on x, namely 

Cx ■= {z G A : z ■ ei X ■ ei and z • 62 ^ x • 62} 

and we let ■= Cx\x. 
It holds 

VarA(/) ^ (Var, (^c,(/))) • (5-2) 

X 

In order to prove this inequality which is the analog of (4.3) one has to follow a slightly 
different method due to the fact that the geometry is more complicated than in the 
tree case (in particular given a site x and its neighbours y and z in the north and east 
direction then C^nC^ / 0). The inequality (5.2) can instead be easily proven following 
the lines used to prove inequality (11) in [13] and using the fact that fi\ is the Bernoulli 
product measure. 

Then we let c^.(?7) be one iff, by applying at most £ times the bootstrap map corre- 
sponding to the N-E rules with empty boundary conditions on A to the configuration 
f] which equals one at x and equals -q elsewhere, the vertex x can be flipped to zero. 
We call again the Dirichlet form of the generator corresponding to this choice of the 
constraints. Then, by using the key inequality (5.2), and via exactly the same lines as 
in the proof of Theorem 2.5 we obtain 

VarA(/) < 4PW(/) + 2{l + 1)^6'"' {£) ^ ^ (Var, (/"f J/))) • (5-3) 

X 

where 5^^{£) = pf^/p and the factor {£ + 1)^ (instead of {£ + 1) of (4.13)) is due to 
geometric reasons: it accounts for the number of vertices x such that a given vertex 
z falls inside Cx- By using the property of pf^ stated in Proposition 5.2 we therefore 
conclude that there exists 4 such that for any £^ (.Qit holds [£ + lY5'^^{£) < 1 /4. The 
rest of the proof is now exactly as that of Theorem 2.5. □ 

Remark 5.4. Via a proper generalization of our technique we can establish the positivity 
of the spectral gap for all the KCSM covered by Theorem 3.3 of [3]. These include, besides 
N-E model, some of the KCSM which have been most studied in physics literature, namely 
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the East model on Z, the Friedrickson Andersen model on Z.'^ and the modified basic model 
on (see Section 2.3 of [3] for the definitions). More precisely our technique allows to 
prove Theorem 4. 1 of [3] (in a completely different way), namely to establish the positivity 
of the spectral gap in a proper regime for a model (the so-called auxiliary general model 
in [3]) which is nothing but a generalized North-East model in d-dimensions. Then the 
proof of positivity of the spectral gap for each specific model can be completed via the 
renormalization technique detailed in Section 5 of [3]. We can also along the same lines 
recover the positivity of the spectral gap for the spiral model, a result which was previously 
established in [2]. 
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